Solution of Dual Integral Equations by Reducing It into an Integral Equation

Anil Tiwarit, Dr. Archana Lala? Dr. Chitra Singh®
Ph.D. Scholar, RNT University, Bhopal (M.P.) India.
“Dept. of Mathematics, SRGI, Jhansi (M.P.) India.

*Dept. of Mathematics, RNT University, Bhopal (M.P.) India.

ABSTRACT

The aim of this paper is to solve a dual integral equation by changing it into an integral equation by use of mellin
transform whose kernel involves Generalized Hermite Polynomial with suitable parameter. We believe that there
are some more possible way to reduce such dual integral equations using different transform like those of Henkel,
Fourier etc. For the sake of example we choose a dual integral equation of certain type and obtained an integral
equation by use of fractional operator and mellin transform.
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I INTRODUCTION

Dual integral equations are often encountered in
different branches of mathematical physics. In the
solution of certain mixed boundary value problem of
mathematical physics, it is worth converting the dual
integral equation into an integral equation. In the
present paper, we try to solve the certain type of dual
integral  equations, whose  kernel involves
Generalized Hermite Polynomial, by converting them
into integral equations. Many attempts have already
been made in the past to solve such problems. The
following integral representation is basic tool for our
illustration.

I: k, (x,u) A(u)du=A(x); 0<x<1

(1.1) j: k, (x,u) A(u)du = (x); x>1

(1.2)
ki & k; are kernels defind over x-u plane.

H'(x,a, p)=(-1)" xe™ D"[x%™ ]D :di
X

a,r, p parameter.

Il THEOREM

If f is unknown function satisfying the dual integral
equation.

dy

J, <19 e H(x] via) f() =h0; 0sx<1

2.1)

[, 619" € iy, 1) Y=g 1<

(2.2) When h and g are prescribed function and
a,,a, and r are parameters, then f is giving by

f00= 2 Lex )t Y
r y
Where

(ny
L()=H;7 | (1,1)((1_; (ai—n)j,lj
r r
and
t(x)=h(x),0<x<1
t(x) _ rX—nJra1

1
[r (az - a1)j

J' (v —x" )E e 1]v”’a?”’lg (v) dv;1< x< oo
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To prove the theorems we shall use Mellin

transformer and fractional integral operator.

f (s)=M[f (x);s]=j f(x)x*™ dx (3.1)
0

When s = o +ir is a complex variable.
The inverse melling transform f(x) of f'(s) is given by

M7 ()= (x) = -— 3.2)
By convolution theorem for mellin transform

M| [ k) T Yis =k (5) 1 (9)
0 y

o+i

“f(s)xcds

KXy FNZL =M K (5) £ (9);]
0 y

— K9 ()X ds
2wt

(3.3) When L is suitable contour.
Fractional integral operator
r X—ra+r p-1

t(a; B; rw(x)) = j (x" =v")* v w(v)dv

e

(3.4)

—B-ra+r- 1W(V) dV

R(a; B; r;w(x) (v x) v
-2



(3.5)
IV SOLUTION

Now taking

k(x) =x* e H! (xa;1),i=12
Then from Erdeeyi [10] We get

1
s |=(s—n+a
)s |« )
r }s -n
(4.2)
Hence by use at (3.3),(2.1) & (2.2) can be written as

F e

1
2r7ZiJ"- s—n
=h(x); 0< x<1

k' (s) = =12

f7(s)x°ds

(4.2)

)(s) (:(s—n+a2j

f(s)xds
2r7ZiJ"- s—n (®)

=g(x); 1<x<ow
(4.3) Now operating a (4.2) by the operator (3.5) we

get

rx? 1 E (:(s—n+a2)j .\ s
= j f*(s)xds
a 2rridt (s—n)

J‘w (Vr _xr )a—lv—[f—ra+r—l g (V)dV

rxﬁ @ r o —p—ro+r-
:WL (v =x)* e g (v)dy

r

Now putting v' = XTand simplifying we get

)6) (:(s—n+a2j
2r7ZiJ"- m .ﬁ

1 [Efl .
jo @a-v it Jdt £7(s)ds
ﬁ o]
:%J‘ (Vr _ Xr )a—lv—ﬁ—roﬁ-r—l g (V)dV
a X
(4.4)

1
s IW (r(s—n+a2j o
2rridt s—n 'ﬁ

e |

x f" (s)ds

)[a+1ﬂ +1sj
r r

— _wa (Vr _ Xr)afl Vfﬁfraﬁ-rfl g(V)dV

(s) (:(s—n+a2j

2r7zi'['- s—n X
g+
X—t——-——o x f *(5)ds
.(a+1ﬂ+1sj
r r

ﬁ o]
lj‘x (Vr _ Xr)afl Vfﬁfroﬁ-rflg(v)dv

o

In equation (4.4), we put f =—n+a, and

1
o ==(a,—4a,), sothat(4.4) Changesto
r

(s) (:(s—n+a2j

2r7ZiJ"- s—n

Ls-n+a)
y ' « £ (s)ds

8 a 1. 1
)r r+r( n+a1)+rs

-S

—n+a

_orx

e-a)

1
—(a-ay)-1

><J:c (v - Xr)[r

Jv”"a‘”"lg(v)dv 1<x< o

@ [Fe-n+a
2r;ziIL J(s—n)

rx M
= X

(te-a)

© [%(az *31)*1]

L (V" —x7) v "R g(v)dv 1< X< o
(4.5)

Now we write

t(x)=h(x), 0<x<l1

x* f7(s)ds

r X—n+a1

(Fa-a)

1
~(ap-a)-1

><J‘:O (v - Xr)[r

and t(x) =

Jv“‘?”’lg (v) dv;1< x< o0



(4.6) Now from (4.2), (4.5), (4.6) we get

)(s) [:(s—n+a1)
)(s—n)

T jL X £ (s)ds = t(x)

4.7
Again using (3.3), (4.1) & (4.6) becomes

[ (1) f(y)d7y=t<x); 0<x<o

(4.8)

When k, (x)=x*e™ H' (x; a,;1)

Thus pair at dual integral equation (1.1) &(1.2) we
have been reduced to single integral equation (4.8).

Hence by mellin transform (4.8) can be written as —

k'(s) f7(s)=T (s)
(4.9)

Js [:(s—n+a1)
)(s—n)

and T(s) is the mellin transform of t(x).
Now

Fi(s)=L ()T (s)

(4.10)

Where

Where k' (s)=

*

Oy

S—n

W %(s—n+a1)

By use of definition of H — function, we get the
inverse transform L(x) at L"(S) as

()
L(x)=HL
O (12 wn ) )

(4.11)
Taking inverse mellin transform of (4.10)

(=[] Ll Y

Hence using (4.11) we get

(n1)
X

_1 “ylo| A ﬂ
Fx)= r Io Haa y (1,1)[[1—% (ai—n)],%j ‘o) y

When t (y) is given by (4.6).
Hence proved the theorem.
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